Let P and Q be polynomials and let α be an entire function. Suppose that Q and α are nonconstant. We show that the function h(z) = P (z)e α(z) + Q(z) has a factorization h(z) = f (g(z)) with nonlinear meromorphic left and right factors f and g if and only if P , Q, and α have such a factorization with a common right factor. This
Introduction and Main Result
Let f , g, and h be meromorphic functions and suppose that h(z) = f (g(z)).
(1)
Following Gross [5] we call the representation (1) a factorization of h and the functions f and g are called left and right factors of h. Note that if g has a pole, then f is necessarily rational. If in any factorization (1) of h at least one of the two factors f and g is bilinear, then h is called prime.
In this paper, we determine in which cases an entire function h of the form h(z) = P (z)e α(z) + Q(z),
is prime, if P and Q are polynomials and if α is an entire function. Our result is as follows.
Theorem Let P and Q be polynomials and let α be an entire function. Suppose that Q and α are nonconstant and let h be the entire function defined by (2) . Then h is prime if and only if P , Q, and α do not have a nonlinear common right factor. . Hence we may restrict ourselves to the case that α is transcendental. Also, I proved in [2] that the function h defined by (2) does not have a factorization (1) with entire transcendental factors f and g. Thus it remains to consider only the case that f is transcendental and entire and that g is a polynomial, the case that f is rational, and the case that f is transcendental and meromorphic, but not entire.
Lemmas
Lemma 1 Let f be an entire transcendental function. Then there exists an unbounded sequence (w j ) such that |f (w j )| ≤ 1 and
for some positive absolute constant A and all j.
Lemma 2 If u is analytic in the disc |z −z 0 | < R and fails to take the values zero and one there, then
for some absolute constant B. 
Proof of the Theorem
Suppose that P , Q, and α satisfy the hypotheses of the theorem and let h be the function defined by (2) . It is clear that if h is prime, then P , Q, and α do not have a nonlinear common right factor. Suppose now that h is not prime, that is, suppose that there exists a factorization (1) where f and g are not bilinear.
First we consider the case that f is entire and transcendental. As remarked in the introduction, we may assume that α is transcendental and that g is a nonlinear polynomial. These assumptions imply that h and f have infinite lower order. Combining this with Lemma 1, we see that if K > 0, then there exists an unbounded sequence (w j ) such that
for all j. Considering a subsequence and f (−z) instead of f (z) if necessary we may assume that Re w j ≥ 0 for all j.
We denote the degrees of g and Q by m and n, respectively. First we prove that n = rm for some positive integer r. Suppose that this is not the case. If we choose R large enough, then there exist two branches a 1 (w) and a 2 (w) of the inverse function of g which are defined for |w| > R and |arg w| < π and have the property that a 1 (w) ∼ σw 
as |w| → ∞. We define
If R is large enough, then u is analytic for |w| > R and |arg w| < π and u does not take the values zero and one there. Lemma 2 implies that
provided |w j | > R. On the other hand, we have
by (3) and (4). Moreover, we can deduce from (3), (4), and (5) that
for a suitable choice of K and sufficiently large j. It follows that |u (w j )| 1 + |u(w j )| 2 ≥ C for some positive constant C and sufficiently large j. This contradicts (6). Hence we have n = rm for some integer r.
It follows that there exists a polynomial R of degree r such that if Q 0 (z) = Q(z) − R(g(z)), then the degree n 0 of Q 0 is less than n. We define f 0 (z) = f (z) − R(z). Then we have
Again, we have n 0 = r 0 m for some integer r 0 and induction shows that Q(z) = q(g(z)) for some polynomial q, that is, g is a right factor of Q. Once this is known, it is not hard to show that g is also a right factor of P and α.
Next we consider the case that f is rational but not bilinear. If a is a pole of f , then g does not take the value a since h is entire. Similarly, if f is a polynomial, then g has no poles. In any case, we can deduce from a result of Prokopovich [12, p. 200, Cor.] that the equation h(z) = Q(z) has infinitely many solutions, contradicting (2) .
It remains to consider the case that f is transcendental and meromorphic, but not entire. Let a be a pole of f . Then g is an entire function which does not take the value a, that is, g is of the form g(z) = a + e G(z) for some entire function G. We define F (z) = f (a + e z ). Then F and G are entire functions and we have F (G(z)) = f (g(z)) = h(z). As shown in [2] , G is a polynomial. The argument used above shows that G is a common right factor of P , Q, and α. It remains to be proved that G is nonlinear. Suppose that this is not the case, that is, suppose that G is of the form G(z) = cz + d. Then g is periodic with period 2πi/c. It follows that h is periodic with period 2πi/c. This, together with (2) , implies that the equation h(z) = Q(z+2πik/c) has only finitely many solutions, if k is an integer. Since Q is a nonconstant polynomial, the polynomials Q(z + 2πik/c) are pairwise distinct. This contradicts the second fundamental theorem of Nevanlinna theory in its version for three 'small' functions [8, p. 47] . This contradiction completes the proof of the theorem.
